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Application of Continuous Vorticity Panels to General
Unsteady Incompressible Two-Dimensional Lifting Flows

M. J. Kim* and D. T. Mookt
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

Continuous vorticity panels are used to model general unsteady inviscid, incompressible, two-dimensional lift-
ing flows. The geometry of the airfoil is approximated by a series of short straight segments having endpoints
that lie on the actual surface. A piecewise linear, continuous distribution of vorticity over the approximated sur-
face is used to generate the disturbance flow. The no-penetration condition is imposed at the midpoint of each
segment and at discrete times. The wake is simulated by a system of discrete vortex cores (point vortices), which
move at the local particle velocity. At each time step a new core is placed at the trailing edge, and the condition
of constant circulation around wing and wake is imposed. Because the system is overdetermined, an optimiza-
tion scheme is used to obtain simultaneously the unknown values of the surface velocity at the endpoints of the
segments and the unknown value of the circulation around the core at the trailing edge. Comparisons are made
with known exact solutions and wind tunnel data for one- and two-component airfoils in steady flow, and with
other computed results and one experiment for unsteady flow. The present approach provides an attractive alter-
native to those developed earlier, being easy to formulate, easy to use, and very accurate.

Introduction

RE we consider general unsteady, two-dimensional, in-

ompressible, inviscid lifting flows. The present method
is based on a piecewise linear, continuous distribution of vor-
ticity over the surface. Such distributions of surface
singularities have been used to model steady flows (see, for ex-
ample, Raj and Gray'), but the extension to unsteady flows
has not yet been effected. We describe one way this can be
done.

A number of other papers have been devoted to unsteady,
two-dimensional, lifting flows. Some are relevant to the pres-
ent work and are mentioned at appropriate places throughout
the present discussion. The present approach views the body
as moving through the air and poses the mathematical prob-
lem in terms of a moving coordinate system attached to it. If
the airfoil is deforming with time, then the moving coordinate
system is attached to a reference configuration. The airfoil can
execute arbitrary two-dimensional maneuvers.

The present approach provides an attractive alternative to
the earlier treatments of this same problem; it is easy to for-
mulate and to use, and it is very accurate. Its accuracy stems
from the fact that the basic unknowns are primitive variables,
the values of the potential-flow velocity on the surface of the
airfoil.

Background

The position and orientation of the moving frame are given
by R, (¢) and 0(¢) as shown in Fig. 1. It follows that

R=R,+r )

where R=XI+YJ, R (t)=X,(t)I+ Y, (t)J, and r=xi+yj.
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Substantial differentiation of Eq. (1) yields
V=V, ,+Qxr+v @3]

where V is the velocity of a fluid particle with respect to the
fixed reference frame (the absolute velocity), v the velocity
with respect to the moving frame (the relative velocity), ¥, the
absolute velocity of the origin of the moving frame, Q the
angular velocity of the moving frame (= 6k), and r the posi-
tion of the fluid particle relative to the moving frame.

When the airfoil moves, it sets the air in motion and creates
vorticity in the boundary layer on its surface. In an unsteady
flow, the distribution of this vorticity changes, causing the cir-
culation around the airoil to change. The Kelvin-Helmholtz
theory and conventional wisdom dictate that the change in cir-
culation around the airfoil is matched by a change in circula-
tion around the wake of equal magnitude and opposite sign,
that vorticity enters the wake when it is shed from the trailing
edge, and that vorticity is convected away from the airfoil at
the local particle velocity.

Using the ideas of boundary-layer theory, one can readily
verify that the integral of curl V across the boundary layer
equals the speed of the outer flow on the surface. The
magnitude of the surface velocity is the unknown. QOutside the
boundary layer and wake the flow is irrotational. The loads

—— X
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Fig. 1 Fixed and moving reference frames.
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are computed from the pressure on the surface, which is given
by Bernoulli’s equation. The form of Bernoulli’s equation ap-
plicable to a moving frame is discussed next.

The potential function expressed in terms of R and ¢ is
denoted by ®, while the one in terms of r and ¢ is denoted by ¢.
Both potentials describe the same velocity field; thus,

V=v,b=V,é 3)

Because r must change with time when R is constant, the time
derivatives are related by

acp/_a<1>
R

— /—V-(VA+er) @)

T oarl,

where /, indicates R is constant and /, indicates r is constant.
In a fixed reference frame Bernoulli’s equation has the form

ad . P
Gl o ©

where V is the absolute speed, p the density, P the pressure,
and H(r) a spatially uniform function of time. At large
distances from the airfoil and its wake, P is constant and V' is
zero. Hence we let H(r) = P, /p a constant. Using this and Eq.
(4), one can rewrite Eq. (5) as

a0 V2 P Po
— =V (V4 + X))+ ——t— = (6)
ot 2 0 o

It is convenient to introduce dimensionless variables (denoted
by asterisks)

U,
V=UJV*, V,=UV5 f=—0" (7a)
C
L
r=Lr*, t=—Sp* (7b)
U

where U, and L, are a characteristic speed and a characteristic
length. (Here we take L. to be the chord.) Substituting these
definitions into Eq. (6) and then dropping the asterisks in the
result leads to

P—Poo I
== -2 +2V (V +OXr) = V? 8
Co =2 5 (Vg +Qxr) ®)

Equation (8) is used to calculate the loads.

To obtain the surface velocity, one must impose the no-
penetration boundary condition, a trailing-edge condition,
and the requirement that the circulation around both airfoil
and wake remain constant. These are discussed next.

For the moving airfoil the no-penetration boundary condi-
tion takes the form

V-V, n=0 ®

everywhere on the surface of the airfoil, where V; is the ab-
solute velocity of a point in the surface of the airfoil, V the
velocity the fluid particle in contact with that point, and n a
vector normal to the surface at that point. If the airfoil is con-
sidered a rigid body, then V| is given by an expression of the
form

V=V, +QXr, (10)

where r; is the relative position of the point in the surface. In
general, the velocity of a fluid particle can be expressed as

V=Vy+V, (11)
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where V' is the velocity induced by the vorticity on the surface
and V', the velocity induced by the vorticity in the wake. (For
flows that appear steady in the moving frame, ¥, =0.) Using
Eqgs. (10) and (11), one can rewrite Eq. (9) as

Ven=(V,+Qxr,—Vy)-n (12)

We require the pressures along the upper and lower surfaces
to approach the same value at the trailing edge. This idea, of
course, is common to all models of lifting flows. In
establishing the statement of this requirement suitable for the
present numerical scheme, we follow a procedure similar to
the one developed by Basu and Hancock.? They referred to
unpublished correspondence with E. C. Maskell, and they
noted that Giesing® had earlier arrived at essentially the same
conclusions. Recent experimental studies by Telionis and Pol-
ing* seem to support the conclusions. The ideas are discussed
next.

In the potential-flow model of the trailing edge, we assume
that the streamlines along the upper and lower surfaces, when
viewed in the moving reference frame, always merge at the
trialing edge where separation occurs. One must consider what
is happening along each streamline. If the trailing edge is not a
cusp, then the situation there can be described by one of the
following:

1) Both merging streamlines have a sharp bend, and the
streamline emanating from the trailing edge passes outside the
wedge formed by the two tangents, as shown in Fig. 2a. If this
happens, the speed along one of the merging streamlines (the
bottom line in Fig. 2a) is infinite, while the speed along the
other is zero at the trailing edge.

2) Only one merging streamline has a sharp bend; the other
is smooth, and the streamline emanating from the trailing edge
is tangent to one side of the wedge, as shown in Fig. 2b. If this
happens, the speed is zero on the bent streamline and nonzero
but finite on the other at the trailing edge.

3) Both merging streamlines have a sharp bend, and the
streamline emanating from the trailing edge remains inside the
wedge, as shown in Fig. 2c. If this happens, the speed is zero
on both streamlines at the trailing edge.

To see the implications of these possibilities, we apply Ber-
noulli’s equation at the trailing edge along the upper and lower
surfaces. It follows from Eq. (8) that

0
Cpt’_cpu=27['(¢u~¢i‘)+ Vg_ V%

+2(V,—V,)- (V4 +2QX%r) (13)

(c)

Fig. 2 Conditions at the trailing edge.
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where the subscripts £ and u denote the values the different
quantities approach along the lower and upper surfaces. The
requirement that C,,=C,, leads to

T
2%7:V%_Vf‘+2(Vu—V€)-(VA+QXr) 14

where T is the clockwise circulation around the airfoil.

For circulation around both airfoil and wake to remain con-
stant, the rate of change of the circulation around the wake
must be the negative of that given by Eq. (14).

Had the problem been posed in a fixed reference frame, Eq.
(14) would have been replaced by

dar
2—r=Vi- Vi (15)

One can use Eq. (2) to rewrite Eq. (14) in terms of the
velocity relative to the moving frame v. The result is an equa-
tion having the form of Eq. (15), where the squares of the ab-
solute velocity V2 and V? are replaced with their relative-
velocity counterparts v and v2. Equation (15) was given by
Basu and Hancock as well as Telionis and Poling. Prandtl and
Tietjens® gave the right-hand side of Eq. (15) as the expression
for the addition of vorticity to the wake. Geising gave an equa-
tion valid for multi-energy flows that reduces to Eq. (15).

For case 1, V, =0 and V,=o; hence, Eq. (14) suggests that
the rate of production of circulation is infinite. For case 2,
V,=0 and V,=a nonzero finite value; hence, Eq. (14) sug-
gests that the rate of production of circulation is nonzero but
finite. For case 3, V, = V,=0; hence, Eq. (14) suggests that the
rate of production of circulation is zero, with I' constant.

The first case can be used to simulate the situation at the in-
stant of an impulsive start. After the sudden start and while
conditions are unsteady, the situation is modeled by the sec-
ond case. The steady state is modeled by the third case.

There is no inconsistency with the speed on the upper-surface
streamline differing from the speed on the lower-surface
streamline at, and downstream of, the point of merger. This is
the potential-flow imitation of the wake. There is no discon-
tinuity in the pressure across the wake if the vorticity is con-
vected at the local particle velocity (see, for example, Ref. 6,
pp. 239-243).

In the case of a trailing-edge cusp, the streamlines have a
sharp bend at the trailing edge when the rate of change of cir-
culation is infinite and are otherwise tangent to the trailing-
edge. When the rate of change of circulation is nonzero but
finite, the speeds on the upper and lower surfaces approach
different values. When the rate of change is zero, the speeds
approach the same value.

Present Numerical Scheme

The surface of the airfoil is approximated by a series of
short straight segments as shown in Fig. 3. The ends of the
segments, which are called nodes, lie on the surface of the air-
foil. The surface velocity is approximated by a continious
function that varies linearly between the nodes.

a)

b)

Fig. 3 Discretization: a) the actual airfoil profile; b) the airfoil after
discretization.
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For steady flows, it has been found that the use of a
piecewise constant, discontinuous distribution of vorticity (or
equivalently surface velocity) can lead to inaccuracies such as
oscillating values of the vorticity on successive panels. Ander-
son’ discussed some of these problems. The same problems
occur in unsteady flows. The use of a linearly varying, con-
tinuous distribution of vorticity eliminates these problems.

The main building blocks of the present method are the for-
mulas for the velocity fields induced by a linearly varying
vortex sheet and a point vortex core (point vortex). Referring
to Fig. 4, we can write the velocity components at a point (x,y)
as follows:

Case 1: v, =(1 —X)A0— Jn (R) (16a)
v, = (1—X)tm(R) + JAI— 1 (16b)
Case2: v, =y (R) + XAH (17a)
v, =1+ Xt (R) — JAS (17b)

In Eqgs. (16) and (17)

X 5
X=—p J=5 (18a)

Ab=0, -8, =tan"[(1-X)/F ] —tan" (- X%/F) (18b)
and

R=

A 527w
R _ [E__&iy_]/ (18¢)

R, X+ 52

For the vortex core having clockwise circulation 2=, the veloc-
ity field is

ve=y/ (X + %), vy = —x/ (x> + %) (19

(x,y)

(x,y)

b)

——

Fig. 4 Nomenclature for Egs. (16-19).
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Next the procedure for general unsteady flows is described.
It follows from Eq. (14) and the requirement of constant cir-
culation around airfoil and wake that, during a small time in-
terval At, a vortex having approximately the circulation

AT, = = B[V3= V242V, — V) - (V +2XPIAL (20)

is added to the wake. With the present method this vortex is
modeled as a discrete point, or core. One is formed at each
time step. These cores are convected away from the trailing
edge at the local particle velocity and constitute the wake. In-
stead of using Eq. (20) directly, the present method approx-
imates conditions at the trailing edge by setting both v, and v,
equal to zero and placing a core of unknown strength there.

The zero values of v, and v, are consistent with the require-
ment for steady flow around airfoils of nonzero trailing-edge
angle. As the numerical examples in the next section show, this
is also the proper choice for airfoils with a trailing-edge cusp.
For unsteady flows, either v, or v, is zero; in general, both are
not zero simultaneously. The contribution to the velocity field
induced by this nonzero element is approximated by the con-
tribution induced by the discrete core placed at the trailing
edge. The two contributions are nearly the same. Closely
spaced, discrete cores are then used to simulate the wake.
Numerical examples show that the procedure is robust, show-
ing good convergence characteristics. Further discussion of
this approximation can be found in Ref. 3.

In a recent study, Duffy, et al.,!) who considered a
sinusoidally oscillating flat plate, arrived at a result equivalent
to Eq. (20). They used a finite-element representation of the
plate, which is essentially a two-dimensional version of the
vortex-lattice method. They represented the wake with discrete
vortex cores, as we do, but they did not convect these cores at
the local particle velocity. Instead, they moved the cores at the
velocity of the undisturbed freestream. As a result, their wakes
are always flat and parallel to the freestream.

The no-penetration boundary condition, Eq. (12), is only
imposed at discrete times and discrete points. There is one
point in each element, called the control point, where this con-
dition is enforced. It lies on the straight segment midway be-
tween the nodes. The normal to the surface is approximated
by the perpendicular to the straight segment.

Using Egs. (16-19), one can develop an influence matrix and
replace Eq. (12) with the following:

N
Y Ay + T = (Va4 QX7 = Vi) -0, Q1)
Jj=1

for i=1,2,..., N—1. There are N modes and N— 1 segments.
Here A, is the normal component of the velocity at the con-
trol point of element i induced by unit surface speed at node J,
and vy, is the unknown value of surface speed at node j. 7 is
the normal component of velocity induced by a discrete vortex
core of unit circulation at the trailing edge, and I'rg is the
unknown circulation around the core at the trailing edge. Vy,
is the velocity induced by all the cores in the wake except the
one at the trailing edge. n; is the unit vector perpendicular to
the surface of element i.

In addition to Eq. (21), there is the condition at the trailing
edge

vior V) =yp(or V,) =0 22

and the condition of constant circulation around airfoil and
wake

M
| vare Y=o @3)
¢ i=1

where C is a path around the airfoil through the trailing edge
and the T'; are the circulations around the M cores making up
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the wake where Ty, =I'rg. The integral is evaluated explicitly
on the basis of a linear distribution of vorticity (or speed).

Equations (21-23) form a system N+ 2 equations for N+ 1
unknowns (the v; and I'r). Hence we obtain the unknowns by
an optimization technique. Specifically, we minimize the sum
of the squares of the errors of Eq. (21) subject to the two
equality constraints given by Eqs. (22) and (23).

After the unknowns have been obtained, the wake is con-
vected. Then the unknowns are obtained again. This pro-
cedure can be repeated indefinitely. All one needs to start the
procedure is a set of initial conditions (i.e., positions and cir-
culations for the cores in the wake).

To convect all the cores in the wake, we use

r(t+At) =r(t) + Vir(£)]At (24)

In earlier treatments, Giesing® and Basu and Hancock? also
approximated the airfoil by a series of short straight segments.
In contrast with the present method, they used a piecewise
constant, discontinuous distribution of sources. In addition,
they distributed a layer of constant-strength vorticity over the
surface of the elements. The vorticity was used to satisfy the
trailing-edge condition. Instead of solving for the surface
velocity at the nodes, as one does with the present method,
they solved for the strengths of the sources and vorticity. Then
they calculated the surface velocity at the control points. Gies-
ing also modeled the wake with cores convected at the local
particle velocity, while Basu and Hancock used one element of
distributed vorticity and used cores from then on.

Giesing used a prediction-correction scheme to convect the
cores in the wake, a scheme that doubles the number of times
the velocity is calculated in the wake. For the small step sizes
used here, we found very little difference between the results
obtained by the two procedures. All the results presented here
are based on Eq. (24).

Equations (19) are used to calculate the velocity field
generated by the wake. These expressions have an algebraic
singularity; hence, following the usual practice, we introduce a
cutoff length. Whenever the distance between the field point
and the core is less than the cutoff length, the contribution of
that core is ignored. For all the present calculations the cutoff
length is the chord divided by twice the number of elements.
Numerical experimentation has shown that the results depend
on the cutoff length, but there is a range for which the results
are very nearly constant. The present choice lies in this range.

Numerical Examples

A. Steady Flows

The dual purpose of considering steady flows is to establish
the trailing-edge condition for both cusp and nonzero wedge
angle and to demonstrate the accuracy of the present scheme.
For steady flow, ¥V, =0, 2=0, and V, =u, a unit vector of
constant direction.

We consider von Karman-Trefftz airfoils defined by

o S+ (=)
TG+ = (=)

(25)

Equation (25) transforms the unit circle in the ¢ plane into the
airfoil in the z plane. z; is the point at the trailing edge of the
airfoil and ¢ is its image. Some discussion of these airfoils
can be found in Karamcheti.® The trailing-edge wedge angle
(see Fig. 2) is related to the exponént n according to

B2—n)x (26)

The special case of n=2 yields a Joukowski airfoil, which has
a cusp trailing edge.

For steady flows, Eq. (21) is modified by setting 'tz and
Vy: equal to zero, and Eq. (23) is dropped. We consider two
possibilities for the condition at the trailing edge: 1) v, (or
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v,) +yylor v,)=0 and 2) Eq. (22). Either possibility is the
equivalent of the so-called Kutta condition and leads to a
unique value of the circulation around the airfoil. For the
former, we can eliminate one unknown and use Eq. (21)
directly; the number of unknowns is the same as the number
of equations. For the latter, we can eliminate two unknowns;
the number of equations is one more than the number of
unknowns, and we use an optimization scheme (specifically,
we make the sum of the squares of the normal components of
the relative velocity at the control points a minimum).

Raj and Gray also set v,=wv, =0, but then, instead of using
an optimization scheme, they simply ignored one of the con-
trol points. Such a scheme is also described by Anderson.’
This scheme raises the question of which control point to ig-
nore. The results can vary considerably, depending on the
choice. The present scheme eliminates the need to make such a
choice, though one can arbitrarily weight the squares of the
normal components at the control points and hence introduce
some arbitrariness. In all the present results, the weighting is
uniform.

The results for the first way of treating the trailing edge
(v, + v, =0) are given in Tables 1 and 2. In Table 1 the value of
n in Eq. (27) is 1.95. For a small number of elements, the
results are encouraging. But clearly the trend is wrong as the
number of elements increases; v, and v, change sign and are
inconsistent with physical demands. The situation is worse
when n =2, as the results in Table 2 show. For a noncusp trail-
ing edge, the values of v, and v, should approach zero. For a
cusp these values are not expected to approach zero, but here
the signs of v, and v, are inconsistent with the requirement of
smooth flow from the trailing edge and there is no indication
of convergence.

The problem stems from the fact that the elements near the
trailing edge become more nearly coincident as the number of
elements increase, and the results become vulnerable to round-
off error. As a consequence, the trailing edge is better modeled
as a single element that merges the vortex sheets on the upper
and lower surfaces and has zero combined vorticity at the
trailing edge. Without any modifications to accommodate the
cusp and without experiencing any numerical problems, the
second way of treating the trailing edge, which sets v, =v,=0
and uses optimization, can in effect accomplish the merger.

The lift is accurately predicted by both methods (but the
lifts predicted by the two are not quite the same) because the
effect of the irregularity at the trailing edge cancels. Using a
total of only eight elements to model both the upper and lower
surfaces, the present procedure predicts the lift to within 5%.

As a second example, we consider a NACA 23012 airfoil at
various angles of attack. The experimental pressure measure-
ments of Wenzinger!'® are compared with the predictions of the
present method in Fig. 5. The agreement is generally quite
good; however, in part e of Fig. 5, the measurements suggest
the presence of a separation bubble, which is not modeled by
the present approach. In Fig. 6 experimental and numerical

Table 1 Surface velocity at trailing edge, n=1.95

NEM Top Bottom
20 +0.02954 —0.02954
40 —0.27155 0.27155
80 —0.52643 0.52643

160 —-0.59926 0.59926

Table 2 Surface velocity at trailing edge, n=2 (cusp trailing edge)

NEM Top Bottom
20 - 2.78794 2.78794
40 —-20.55102 20.55102
80 —122.39677 122.39677

160 —488.51154 488.51154

J. AIRCRAFT

results are shown for the same airfoil in the presence of an exter-
nal airfoil flap. Here Eq. (22) is imposed at both trailing edges.
There is interaction between the two airfoils. The no-
penetration condition on each airfoil simultaneously accounts
for the disturbances created by both. Again the agreement is
quite good. This suggests that the present method correctly cap-
tures the aerodynamic interference.

B. Unsteady Flows

In the first example, a symmetric von Kdrman-Trefftz air-
foil is advancing at a constant speed while executing a
sinusoidal heaving motion. The angle 6 (Fig. 1) is always zero

NACA 23012 >

ADA = -6.32 (deg.)
1 1 1 1 J

(a)

ADA = -3,31 (deg.)
1 I 1 1 ]

(b)

AOA = -0.27 (deg.)
L 1 ! ! y

(c)

2.70 (deg.)
d L 1

!
(d)

- o o]

q ACA = 5.74 (deg.)
1 1

0

1
(e)
Fig.5 Comparison o1 the predicted pressure distribution ( o) with the

experimental data of Wenziﬂger10 (0, ) for a NACA 23012 airfoil at
various angles of attack (AOA).
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NACA 23012 et L Coo
o
(a)
e T ] 2
¢ ey
by
R N U
ADA =-6.25 (deg .} (c)

J ]

ADA =-3.35 (deg.)
1 1 1 |

(b)

AOA =-0.47 (deg.)
1 1 1 1

(c)

2.32 (deg.)

q i 1
B n n
¢ AOA = S.16 (deg.)
1 1L 1 1 &
(e)

Fig. 6 Comparison of the predicted pressure distribution (o) with the
experimental data of Wenzinger'6 (0, )fora NACA 23012 airfoil and
flap at various angles of attack (AOA).

and
Y, (#) =0.018sinw?

These conditions imitate the experiment of Bratt.!! For Fig. 7,
w=4.3, which is the smaller of the two reduced frequencies
considered by Bratt. In Figs. 7a, 7b, and 7c¢, 20, 40, and 80
elements, respectively, are used. As the number of elements in-
creases, the time step correspondingly decreases and the cores
in the wake become more densely packed. The time step is
chosen to be approximately the length of time required for a
fluid particle, moving at the characteristic speed, to travel the
length of the element on the lower surface at the trailing edge.
There appears to be convergence. In Fig. 7c, the discrete cores
in the wake are so densely packed that near the trailing edge
the graphical representation resembles a continuous line.

Fig. 7 Positions of vortex cores in the wake behind a sinusoidally
(w=4.3) heaving airfoil: a) 20 elements, b) 40 elements, and c) 80
elements.

Fig. 8 Positions of vortex cores in the wake behind a sinusoidally
(w=17) heaving airfoil.

time
Fig. 92 -—- position and ——— circulation for the sinusoidally
(w=4.3) heaving airfoil as functions of time.

T T T

\v
time
Fig. 9b o lift, moment, and drag x 100 as functions of time.

Similar results are shown in Fig. 8 for w=17, the larger of the
two frequencies considered in the experiment. The results in
both figures are in good qualitative agreement with the smoke
visualization!! of the flow, the numerical results obtained
earlier by Giesing,’ and the semianalytical results of Katz and
Weihs!? for a flat plate.

Attempts to model the wake with continuous elements of
vorticity were generally unsuccessful and certainly not robust,
as the present approach is. Figures 7 and 8 clearly show the
problem: Continuous elements are not able to produce the
clustering shown in these figures. From the experiment it ap-
pears that vorticity does concentrate, and hence this clustering
of discrete vortex cores is likely to be an accurate imitation of
the actual flow.
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Fig. 10 o lift, -—— moment, drag x 100, and ——— circulation as

functions of position for the sinusoidally (w =4.3) heaving airfoil.

Fig. 11 Streamlines and positions of cores in the wake for an im-
pulsively started airfoil: a) just after the start and b) after several time
steps.

1 T T T —}
life e

/////

e moment
P

drag
1 )| {
0 1 2
distance in chords
Fig. 12 Lift, circulation, moment, and drag X 100 as a function of
distance traveled for an impulsively started airfoil.

There are many closely packed cores in the wake so that the
velocity field they generate is quite smooth very near the wake.
Consequently, the predicted effect of the wake on the wing is
most probably accurate. One would expect the accuracy to be
poorest near the trailing edge.

In Fig. 9 the lift, moment, drag, circulation, and position
are shown as functions of time for the lower of the two fre-
quencies. These results show that the loads are not in phase
with each other or the motion. It is interesting to see that the
mean value of the drag is negative, indicating that the pump-
ing action of the airfoil produces a small thrust. The loads and
circulation converge rapidly as the number of elements in-
crease.’® In Fig. 10, lift, moment, drag, and circulation are
plotted as functions of position in the y direction for the same
frequency. Hysteresis is clearly evident.

The time-dependent loads are obtained by integrating the
pressure over the surface. The velocity potential ¢ is obtained
by numerically evaluating a line integral. Several different

L L 1

0 1 2
(a) distance in chords

L 1 1 1 1

0 1 2
(b) distance in chords

Fig. 13  Lift (a) and drag (b) as functions of distance traveled for an
impulsively started airfoil — — — Wagner,> and Giesing,g'17 A Basu
and Hancock,? and - - - present results.

paths from the same starting point and several different start-
ing points were used to check the results. A finite-difference
formula is used to obtain the derivative of ¢ with respect to
time. Giesing® evaluated ¢ analytically.

In the second example, a symmetric von Karman-Trefftz
airfoil is impulsively started and then moved forward at con-
stant velocity and fixed angle # (Fig. 1). In Fig. 11 the
streamlines and positions of cores in the wake are shown. In
Fig. 11a, the motion has just started, and the wake consists of
only one vortex core at the trailing edge. The situation after
many time steps is shown in Fig. 11b. The results in Fig. 11
closely resemble the figures in the texts by Karamcheti (Ref. 6,
p. 394) and Prandtl and Tietjens.® Further numerical ex-
periments'? showed that the results converged rapidly as the
number of elements increased.

In Fig. 12, the lift, moment, drag, and circulation are shown
as functions of the distance traveled. The zero position cor-
responds to the instant the first core forms at the trailing edge;
hence circulation is not zero there. It is interesting to note the
large initial values of the loads. The small wiggles near the
position where minimum lift occurs are probably a numerical
aberration caused by the use of discrete cores. The drag
decreases monotonically, but the lift and pitching moment
about the nose of the airfoil first decrease rapidly and then
grow slowly. The minimum value of lift and moment occur
when the airfoil has traveled approximately one-tenth chord.
Graham' and Giesing!” predicted similar behavior for the
lift. The present results for lift are compared with those of
Basu and Hancock,? Giesing,” and Wagner's in Fig. 13a.
Shortly after the start, all are in close agreement in spite of the
fact that Wagner’s results are for a flat plate and the others are
for thick airfoils. In Fig. 13b, the present results for drag are
compared with those of Basu and Hancock. The reason for
the difference is not known.

In Fig. 14, the present results are compared with the ex-
perimental data of Walker (which can be found in the text by
Goldstein'®) and the analytical results of Wagner for a flat
plate. In the experiment, a symmetric Royal Air Force (R.A.F.)
30 airfoil was placed in a long towing tank. The airfoil was
started suddenly in an attempt to create an impulsive start and
then moved at constant speed. The angle of attack was 7.5
deg. Oil drops suspended in the water and illuminated by a
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Fig. 14 Circulation as a function of distance traveled for impulsively
started airfoils. — — — Wagner, 15 o Walker (see Goldsteinw), and A
present results.
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Fig. 15 Positions of vortex cores in the wakes behind an impulsively

started airfoil and flap: a) after several time steps and b) after many
time steps.

bright light were photographed. Exposures of known short
duration yielded the velocity field. The circulation was obtained
by evaluation of a line integral around the airfoil. The pres-
ent results are for a symmetric von Karman-Trefftz airfoil
having the same thickness as the R.A.F. 30.

The final example is an impulsively started airfoil with flap.
These are the same airfoil and flap used in the example of
steady flow. For the purpose of illustrating the nature of this
problem, we suppose that the number of nodes on the main
airfoil is the same as that on the flaps—/N nodes and N—1
elements. Equation (21) forms a system of 2N —2 equations;
the trailing-edge conmstraints, Eq. (22), yield four additional
equations; and the requirement that the circulations around
both airfoils and their wakes remain constant gives two more.
There is a total of 2N +4 equations and 2N + 2 unknowns (the
7, on both and I'rg for both). Again the optimization scheme
is used, the trailing-edge condition and the requirement of
constant circulation being treated as constraints.

Figure 15 shows the development of the wake with time.
The vorticity from the main airfoil is drawn down very near
the surface of the flap, and the two wakes appear to merge at
the trailing edge of the flap. In Fig. 16, the computed
streamlines are shown at the instant the first cores form at the
trailing edges and in the steady state. Figure 16b corresponds
to the numerical data in Fig. 6.

Applications of the present method for other cases not
shown here can be found in the thesis by Kim.!3

Conclusions

A method for modeling general unsteady two-dimensional
lifting flows is developed. The problem is posed in terms of a
coordinate system fixed to a reference configuration of the
moving airfoil. A vortex sheet is wrapped around the surface
of the airfoil. The vorticity (or equivalently the surface veloc-
ity) is a continuous, linear function of position of the airfoil.
As an imitation of conditions at the trailing edge, the surface
velocity there is replaced by a discrete vortex core. During
each time step, this core is shed into the wake from the trailing
edge and a new core is formed. The cores that have been shed
model the wake. Each is convected at the local particle
velocity.
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Fig. 16 Streamlines around an impulsively started airfoil and flap: a)
just after the start and b) steady state.

At each time step, the unknowns are the values of the sur-
face velocity at discrete points around the airfoil and circula-
tion around the new core at the trailing edge. Because the
system is overdetermined, these are obtained by an optimiza-
tion scheme.

The present predictions are in good agreement with ex-
perimental data and other computations.

As an alternative to methods developed earlier, the present
approach is easy to formulate, easy to use, and very accurate.
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